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This section gives a complete reference to the symbols used in the model formulation, in

tabular form.

Units of measurement are given in Table 1, symbol main letters in Table 2, symbol
superscripts in Table 3, indices and index sets in Table 4, subsets in Table 5, special set
elements in Table 6, real-valued parameters in Table 7, and variables in Table 8.

Table 1:  Units of measurement

Symbol Description

binary Binary quantities, i.e. those taking values in {0, 1}.

dimensionless Dimensionless real number quantities.

h hour. Time quantities are expressed in h.

integer Integer quantities, i.e. those taking values in {...,—2,—1,0,1,2,...}.

pu per unit. Certain physical quantities, including voltage magnitude, real
power, reactive power, apparent power, resistance, reactance,
conductance, and susceptance, are expressed in a per unit convention
with a specified or implied base value, indicated by a unit of pu.

rad radian. Voltage angles and differences are expressed in rad.

$ US dollar. Cost, value, penalty, and objective values are expressed in $.

Table 2:  Main letters

Symbol Description

F Set of
I Set of

downtime-dependent startup states
buses




Table 2 continued

Symbol

Description

S DTTHTO M EE TR TEIRTIIASTD LA TR DN RS

Set of devices
Set of contingencies

Set of cost blocks, i.e. constant marginal cost blocks of convex piecewise linear
cost functions
Set of reserve zones

Set of time steps

Set of miscellaneous constraints
Point in time

Susceptance

Cost coefficient

Duration of time

Energy, e.g. stored or total produced
Downtime-dependent startup state
Conductance

Bus

Device

Contingency

Cost or value block

Reserve zone

Real power

Reactive power

Resistance

Apparent power

Index of time points and intervals
Integer quantities

Voltage magnitude

Index on miscellaneous constraints
Reactance

Cost, value, penalty, or objective
Slack distribution factor
Sensitivity of reactive power to real power
Voltage angle

Reserve requirement coefficient
Winding ratio of a transformer
Phase difference of a transformer




Table 3:  Superscripts

Symbol Description

ac Alternating current (AC) branch

br Branch

ctg Contingency

ch Charging susceptance in an AC branch

cs Consuming

de Direct current (DC) line

dn down, as in ramping down or reserve down

en energy, convex or concave energy cost or value function

end end time of a time interval or last interval of the time horizon

fpd fixed phase difference transformer

fr from, side of a branch

fwr fixed winding ratio transformer

In AC line

max maximum

min minimum

mr must run

ms market surplus

nsc Non-synchronized reserve

off Offline

on Online, dispatchable

out Out of service

p Real power

pge Equality constraints linking real and reactive power

pgmax Inequality constraints modeling upper bounds on reactive power depending on
real power

pgmin  Inequality constraints modeling lower bounds on reactive power depending on
real power

pr Producing

p0 Indicates a value taken by a quantity depending on real power when real power
is 0

q reactive power

qrd Reactive power reserve down

qru Reactive power reserve up

rgd Regulation down

rgu Regulation up

rrd Ramping reserve reserve down




Table 3 continued

Symbol  Description
rTu Ramping reserve reserve up
ru Ramp up
rd Ramp down
S Apparent power
scr Synchronized reserve
sd shutdown, transition from online to offline or from closed to open
sdpc Shutdown power curve
sh shunt
ST series element in AC branch model
start Start time of a time interval or first interval of the time horizon
su Startup, transition from offline to online or from open to closed
sus Downtime-dependent startup state
supc Startup power curve
to To, side of a branch
tr Transition between modes
up Up, as in ramping up or reserve up
v Voltage (magnitude)
vpd variable phase difference transformer
VWT variable winding ratio transformer
xf transformer
0 Initial value, referring some period immediately prior to the model horizon
+ Slack variable on an inequality constraints, or largest slack among a set of
inequalities
Table 4:  Index sets
Symbol Description
f € F  Downtime-dependent startup states.
1el Buses.
jed Bus-connected grid devices, e.g. loads, generators, lines.
k€ K  Contingencies.
m € M  Offer or bid blocks of piecewise linear convex cost or value functions.
n € N  Reserve zones.
teT Time intervals.




Table 4 continued

Symbol  Description

w € W  Miscellaneous constraints.

Table 5:  Subsets

Symbol Description

F; CF Downtime-dependent startup states of device j

I, ClI Buses contained in reserve zone n

J;, CJ Devices connected to bus ¢

JoCJ Devices in service in time interval ¢

Jp, C J Devices that are in service in contingency k

JrcJ AC branches

Jiecd AC branches that are in service in contingency k

JbrcJ branches, i.e. devices connecting to two buses

JrcJ Branches that are in service in contingency k

JecJ Consuming devices (e.g. loads)

JdcJ DC lines

JdecJ DC lines in service in contingency k

Jird g transformers having fixed phase difference

Jhvrc g transformers having fixed winding ratio

JrtcJ Devices that are outaged by contingency k

Jrae c J Producing or consuming devices having linear equality constraints
linking real and reactive power

Jramax . J Producing or consuming devices having linear inequality constraints
modeling upper bounds on reactive power depending on real power

Jpamin = 7 Producing or consuming devices having linear inequality constraints
modeling lower bounds on reactive power depending on real power

JrrcJ Producing devices (e.g. generators)

JrrcJ Producing devices contained in reserve zone n

JrcJ AC lines

JhcJ shunts

JecJ branches with to bus equal to bus 7

Jwrd g transformers having variable phase difference




Table 5 continued

Symbol Description
JwecJ transformers having variable winding ratio
JEcJ transformers
JPoes . J Devices that are either producing devices or consuming devices
JPHeSaC ] Devices that are either producing devices, consuming devices, or AC
branch devices
JrcJ Branches with from bus equal to i.
JecJ Branches with to bus equal to i.
JrcJ Branches incident to bus :.
JcJ Producing devices at bus i.
JrEcCJ Consuming devices at bus .
JhcJ Shunts at bus 7.
J; CJ Devices connected to bus 1.
JrcJ Producing devices in reserve zone n.
JEcJ Consuming devices in reserve zone n.
M, Cc M Energy cost or value function offer or bid blocks for producing or
consuming device j in interval ¢
NP C N Reserve zones for products associated with real power
C eserve zones for products associated with reactive power
NYC N R f duct iated with ti
N; CN Reserve zones containing bus ¢
T]Qut cT Time intervals in which device j is out of service
mCT Time intervals in which device j is must-run
dn,min. ime indices t" < t suc at if device 7 shuts down in interva en the
Tt cT T dices ¢’ < ¢ such that if device j shuts d terval ¢’ then th
minimum downtime precludes starting up in interval ¢
TiP™" C T Time indices ¢’ < ¢ such that if device j starts up in interval ¢’ then the
minimum uptime precludes shutting down in interval ¢
> T Time indices ¢ > ¢ such that if device j starts up in interval ¢’ then the
startup power curve has nonzero power in interval ¢
Tjstd crT Time indices ¢’ < t such that if device j shuts down in interval ¢’ then the
shutdown power curve has nonzero power in interval ¢
i CT Time indices ¢ such that a constraint is needed to ensure that if device j
is starting up in state f in time interval ¢ then it was online in some
sufficiently recent prior interval
e CT Time indices such that startup by device j in startup state f in time
interval ¢ implies online in some interval in 777
Toem@ T Time indices incident to maximum startups constraint w




Table 5 continued

Symbol

Description

Temmax 7' Time indices incident to maximum energy constraint w

Tenmin Time indices incident to minimum energy constraint w

Wi C W Multi-interval maximum energy constraints for device j

VVjen’min C W  Multi-interval minimum energy constraints for device j

W C W Multi-interval maximum startups constraints for device j

J

Table 6:  Special set elements

Symbol  Description
1€l Connection bus of non-branch device j € J\ J™
igr el From bus of branch j € J".
i el To bus of branch j € J"*.
Jjt e J  The unique branch device outaged by contingency k
tend ¢ T Last time interval ¢.
5% € T First time interval t.
Table 7:  Parameters
Symbol Description
agnd End time of time interval ¢ (h)
amid Midpoint of time interval ¢ (h)
agrert Start time of time interval ¢ (h)
aemmaxstart — Seart time of multi-interval maximum energy constraint w (h)

w

en,max,end

2N

en,min,start

gy

en,min,end

oy

su,max,start

oy

su,max,end

oy

End time of multi-interval maximum energy constraint w (h)
Start time of multi-interval minimum energy constraint w (h)
End time of multi-interval minimum energy constraint w (h)
Start time of multi-interval maximum startups constraint w (h)

End time of multi-interval maximum startups constraint w (h)
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Table 7 continued

Symbol Description

b;fh Charging susceptance of AC branch j (pu)

b§r Shunt susceptance to ground of AC branch j at from bus (pu)

sh ;

b Susceptance of one step of shunt j (pu)

b Series susceptance of AC branch j (pu)

b;o Shunt susceptance to ground of AC branch j at to bus (pu)

Citm Energy marginal cost or value of offer or bid block m of producing or
consuming device j in interval ¢ ($/pu-h)

P Real power bus imbalance marginal cost ($/pu-h)

o Reactive power bus imbalance marginal cost ($/pu-h)

cﬁd Marginal cost of regulation down provided by device j in interval ¢ ($/pu-h)

cﬁu Marginal cost of regulation up provided by device j in interval ¢ ($/pu-h)

it Marginal cost of synchronized reserve provided by device j in interval ¢
(3/pu-h)

chse Marginal cost of non-synchronized reserve provided by device j ($/pu-h) in
interval ¢

cﬁu’Off Marginal cost of ramping reserve up provided by device j when offline in
interval ¢ ($/pu-h)

" Marginal cost of ramping reserve up provided by device j when online in
interval ¢ ($/pu-h)

cﬁd’OH Marginal cost of ramping reserve down provided by device j when offline in
interval ¢t ($/pu-h)

;ﬁd’on Marginal cost of ramping reserve down provided by device j when online in
interval ¢ ($/pu-h)

cj-‘{u Marginal cost of reactive power up reserve provided by device j in interval ¢
($/pu-h)

c?{d Marginal cost of reactive power down reserve provided by device j in
interval ¢ ($/pu-h)

cren Marginal cost of shortfall of regulation up in zone n ($/pu-h)

cred Marginal cost of shortfall of regulation down in zone n ($/pu-h)

e Marginal cost of shortfall of synchronized reserve in zone n ($/pu-h)

chse Marginal cost of shortfall of non-synchronized reserve in zone n ($/pu-h)

¢ Marginal cost of shortfall of ramping reserve up in zone n ($/pu-h)

crd Marginal cost of shortfall of ramping reserve down in zone n ($/pu-h)

10



Table 7 continued

Symbol Description

cdre Marginal cost of shortfall of reactive power reserve up in zone n ($/pu-h)

cdrd Marginal cost of shortfall of reactive power reserve down in zone n ($/pu-h)

c Branch overload marginal cost ($/pu-h)

i Fixed cost of online status of device j ($/h)

i Startup cost of device j ($)

S Downtime-dependent startup state cost of device j in startup state f ($)

! Shutdown cost of device j ($)

dy Duration of interval ¢ (h)

d;i?’max Maximum prior downtime of device j if starting up in startup state f (h)

d?n’min Minimum downtime of device j (h)

d}lp’min Minimum uptime of device j (h)

en™ Maximum energy for multi-interval maximum energy constraint w (pu-h)

emin Minimum energy for multi-interval minimum energy constraint w (pu-h)

g§r Shunt conductance to ground of AC branch j at from bus (pu)

g5 Series conductance of AC branch j (pu)

g Conductance of one step of shunt j (pu)

g;o Shunt conductance to ground of AC branch j at to bus (pu)

p?c’max Maximum real power flow of DC line j (pu)

Dt Maximum real power of offer or bid block m of producing or consuming
device j in interval ¢ (pu)

i Maximum real power of producing or consuming device j when online in
interval ¢t (pu)

pﬁi“ Minimum real power of producing or consuming device 7 when online in
interval ¢ (pu)

pgd Maximum ramp down rate of producing or consuming device j when online
(pu/h)

p;d’Sd Maximum ramp down rate of producing or consuming device 7 when
shutting down (pu/h)

p;" Maximum ramp up rate of producing or consuming device 7 when online
and not starting up (pu/h)

;o Maximum ramp up rate of producing or consuming device j when starting

up (pu/h)

11



Table 7 continued

Symbol Description
Pl Startup power of producing or consuming device j in interval ¢ if starting up
in interval ¢ > ¢ in its startup power curve (pu)
pj?fc Shutdown power of producing or consuming device j in interval t if shutting
down in interval ¢ <t in its shutdown power curve (pu)
Py Initial real power of producing or consuming device j (pu)
PP Maximum regulation up for producing or consuming device j (pu)
;.gd’max Maximum regulation down for producing or consuming device j (pu)
o Maximum synchronized reserve for producing or consuming device j (pu)
2 Maximum non-synchronized reserve for producing or consuming device j
(pu)
p; oM Maximum ramping reserve up for producing or consuming device j when

rru,off,max

p;

rrd,on,max
J

rrd,off,;max
J

rru,min

p nt
rrd,min
p nt
q0
qj

p0
q;

max,p0

4

max
45t

min

q]t

online (pu)

Maximum ramping reserve up for producing or consuming device j when
offline (pu)

Maximum ramping reserve down for producing or consuming device j when
online (pu)

Maximum ramping reserve down for producing or consuming device j when
offline (pu)

Exogenous ramping reserve up requirement for zone n in interval ¢ (pu)
Exogenous ramping reserve down requirement for zone n in interval ¢ (pu)

Prior value of reactive power of producing or consuming device j (pu)

Reactive power at 0 real power of producing or consuming device j if the
device has reactive power dependent on real power (pu)

Upper bound on reactive power at 0 real power of producing or consuming
device j if the device has maximum reactive power dependent on real power

(pu)

Lower bound on reactive power at 0 real power of producing or consuming
device j if the device has minimum reactive power dependent on real power
(pu)

Maximum reactive power of producing or consuming device j when online in
interval ¢t (pu)

Minimum reactive power of producing or consuming device j when online in
interval ¢ (pu)

12



Table 7 continued

Symbol Description
?C’fr’max Maximum reactive power at from bus of DC line j (pu)
?C’to’max Maximum reactive power at to bus of DC line j (pu)
?C’fr’min Minimum reactive power at from bus of DC line j (pu)
?C’to’min Minimum reactive power at to bus of DC line j (pu)
aru,min Exogenous reactive power reserve up requirement for zone n in interval ¢
(pu)
drd,min Exogenous reactive power reserve down requirement for zone n in interval ¢
(pu)
T Series resistance of AC branch j (pu)
s Maximum apparent power flow of branch j (pu)
s;.“aX’Ctg Maximum apparent power flow of branch j in contingencies (pu)
P Upper bound on online status indicator for device j in interval ¢ (binary)
ot min Lower bound on online status indicator for device j in interval ¢ (binary)
u™? Initial on-off status of device j (binary)
uy X Maximum startups for multi-interval maximum startups constraint w
(integer)
uj-h’o Prior number of activated steps of shunt j (integer)
u;h’max Maximum number of activated steps of shunt j (integer)
ujh’min Minimum number of activated steps of shunt j (integer)
VY Prior value of voltage magnitude at bus i (pu)
pax Maximum voltage magnitude at bus i (pu)
pmin Minimum voltage magnitude at bus ¢ (pu)
s Series reactance of AC branch j (pu)
Q; Participation factor of bus 7 in resolving system real power imbalance in
contingencies (dimensionless)
B Sensitivity of reactive power with respect to real power of producing or
consuming device j with equality constraint linking real and reactive power
(pu/pu)
B Sensitivity of upper bound on reactive power with respect to real power of

producing or consuming device j with inequality constraint modeling upper
bounds on reactive power depending on real power (pu/pu)

13



Table 7 continued

Symbol Description

ﬁ;ﬂi“ Sensitivity of lower bound on reactive power with respect to real power of
producing or consuming device j with inequality constraint modeling upper
bounds on reactive power depending on real power (pu/pu)

ored Fraction of total cleared power consumption in zone n forming regulation

down requirement for zone n (dimensionless)

lopics Fraction of total cleared power consumption in zone n forming regulation up

requirement for zone n (dimensionless)

lopntl Fraction of largest cleared power production in zone n forming synchronized

reserve requirement for zone n (dimensionless)

onse Fraction of largest cleared power production in zone n forming

non-synchronized reserve requirement for zone n (dimensionless)

T]Q Prior value of winding ratio of AC branch j (dimensionless)

T Maximum winding ratio of AC branch j (dimensionless)

Ty Minimum winding ratio of AC branch j (dimensionless)

69 Prior value of voltage angle at bus i. (rad)

? Prior value of phase difference of AC branch j (rad)
P Maximum phase difference of AC branch j (rad)
qb;“in Minimum phase difference of AC branch j (rad)

Table 8:  Variables

Symbol Description

b3 Susceptance of shunt j in interval ¢. (pu)

gir Conductance of shunt j in interval ¢. (pu)

Dit Real power signed mismatch, i.e. load and other real power consumption and
absorption by branches and shunts, minus generation and other production, at
bus 7 in interval t. (pu)

i Real power penalized mismatch, i.e. absolute value of signed mismatch, at bus
i in interval t. (pu)

Dijt Real power of device j in interval ¢. Oriented from the device into the

connection bus for producing devices and from the connection bus into the
device for consuming devices and shunts. (pu)

14



Table 8 continued

Symbol  Description

Djtk Real power of device j in interval ¢ contingency k. Oriented from the device
into the connection bus for dispatchable devices, from the device into the
connection bus for non-dispatchable devices, and from the from bus to the to
bus for branches. (pu)

P Dispatchable real power of producing or consuming device j in interval ¢. (pu)
Pt Startup real power of producing or consuming device j in interval ¢. (pu)

pj-‘ti Shutdown real power of producing or consuming device j in interval ¢. (pu)
Djtm Real power of producing or consuming device j in interval ¢ in energy cost or

value block m. (pu)

pgl; Real power at from bus of branch j in interval ¢. Oriented from the bus into
the device. (pu)

pii Regulation up provided by device j in interval ¢
p;%d Regulation down provided by device j in interval ¢
i Synchronized reserve provided by device j in interval ¢
P Non-synchronized reserve provided by device j in interval ¢
. Ramping reserve up provided by device j in interval ¢ when online
pﬁu’OH Ramping reserve up provided by device j in interval ¢ when offline
p;.;d’on Ramping reserve down provided by device j in interval ¢ when online
ﬁd’OH Ramping reserve down provided by device j in interval ¢ when offline
pe e Regulation up requirement for reserve zone n in interval ¢
redred - Regulation down requirement for reserve zone n in interval ¢
poe & Synchronized reserve requirement for reserve zone n in interval ¢
ne 4 Non-synchronized reserve requirement for reserve zone n in interval ¢
vt Regulation up shortfall for reserve zone n in interval ¢
P Regulation down shortfall for reserve zone n in interval ¢
pont Synchronized reserve shortfall for reserve zone n in interval ¢
ps®™ Non-synchronized reserve shortfall for reserve zone n in interval ¢
pot Ramping reserve up shortfall for reserve zone n in interval ¢
pjjtd* Ramping reserve down shortfall for reserve zone n in interval ¢
Py Real power at to bus of branch j in interval ¢. Oriented from the bus into the

device. (pu)

15



Table 8 continued

Symbol  Description

P! Real power system slack in interval ¢, positive corresponds to net positive
losses in the branches (pu)

it Reactive power signed mismatch, i.e. load and other reactive power
consumption and absorption by branches and shunts, minus generation and
other production, at bus ¢ in interval ¢. (pu)

q; Reactive power penalized mismatch, i.e. absolute value of signed mismatch, at
bus i in interval £. (pu)

qjt Reactive power of non-branch device j in interval ¢t. Oriented from the device
into the connection bus for producing devices and from the connection bus into
the device for consuming devices and shunts. (pu)

q]fﬁ Reactive power at from bus of branch j in interval ¢. Oriented from the bus
into the device. (pu)

q}? Reactive power at to bus of branch j in interval ¢. Oriented from the bus into
the device. (pu)

i Reactive power up reserve provided by device j in interval ¢

q?tr d Reactive power down reserve provided by device j in interval ¢

gt Reactive power up reserve shortfall for reserve zone n in interval ¢

,‘gd’* Reactive power down reserve shortfall for reserve zone n in interval ¢

s;; Branch j apparent power overload in interval ¢. (pu)

s;k Branch j (approximate) apparent overload in interval ¢ contingency k. (pu)

ugy On indicator of device j in interval . The value 1 indicates the device is online
or closed, 0 else. (binary)

uj‘ti Shutdown indicator of device j in interval ¢. The value 1 indicates the device is
shutting down, transitioning from online to offline or from closed to open, 0
else. (binary)

uj? Number of steps activated for shunt j in interval ¢. (integer)

uly Startup indicator of device j in interval t. The value 1 indicates the device is
starting up, transitioning from offline to online or from open to closed, 0 else.
(binary)

ulfy Downtime-dependent startup state indicator of device j in interval ¢ state f.
(binary)

Vit Voltage magnitude at bus ¢ in interval ¢. (pu)

z;;‘d"’“ Mode fixed cost incurred by multi-mode device j in interval ¢ ($)

Zms Total maximization objective, i.e. base case plus contingencies. Net market

surplus, including values minus costs and penalties. ($)

16



Table 8 continued

Symbol  Description

2z Base case market surplus objective in interval . ($)

2z Contingency market surplus objective in interval ¢ contingency k. ($)

25 Energy cost or value of producing or consuming device j in interval t. ()

25 Online status cost of device j in interval ¢. ($)

z Real power mismatch cost of bus 7 in interval ¢. ($)

za Reactive power mismatch cost of bus i in interval ¢. ($)

253 Shutdown cost of device j in interval t. ($)

Z3f Startup cost of device j in interval ¢. ($)

25 Downtime-dependent startup cost of device j in interval ¢. ($)

25 Branch overload cost of branch j in interval ¢. ($)

2k Branch overload cost of branch j in interval ¢ contingency k. ($)

Z5 Cost of Regulation up provided by device j in interval ¢ ($)

z]r.fd Cost of Regulation down provided by device j in interval ¢ (%)

25 Cost of Synchronized reserve provided by device j in interval ¢ and not
counting as regulation up ($)

255 Cost of Non-synchronized reserve provided by device j in interval ¢ ($)

25" Cost of ramping reserve up provided by device j in interval ¢ ($)

z]r-;d Cost of ramping reserve down provided by device j in interval ¢ ($)

25 Cost of Reactive power up reserve provided by device j in interval ¢ ($)

25 d Cost of Reactive power down reserve provided by device j in interval ¢ ($)

Ze Regulation up shortfall penalty for reserve zone n in interval ¢ ($)

e Regulation down shortfall penalty for reserve zone n in interval ¢ ($)

z5er Synchronized reserve shortfall penalty for reserve zone n in interval ¢ ($)

zpse Non-synchronized reserve shortfall penalty for reserve zone n in interval ¢ ($)

2z ramping reserve up shortfall penalty for reserve zone n in interval ¢ ($)

Pe ramping reserve down shortfall penalty for reserve zone n in interval t ($)

Zh" Reactive power up reserve shortfall penalty for reserve zone n in interval ¢ ($)

P Reactive power down reserve shortfall penalty for reserve zone n in interval ¢
(3)

Ot Voltage angle at bus ¢ in interval ¢. (rad)

17



Table 8 continued

Symbol  Description

Otk Approximate post-contingency voltage angle at bus 7 in interval ¢ in
contingency k. (rad)

Tjt Winding ratio of AC branch j in interval ¢. (dimensionless)

bjt Phase difference of AC branch j in interval . (rad)

2 Optimization model formulation

This section formulates the optimization model. The model formulation consists of a set of
constraints involving variables and parameters, structured by index sets, subsets, and special
set elements, together with an objective specified as one of the variables, and a specification
of a direction of optimization, specifically that the objective should be maximimized. This
section formulates these constraints as algebraic equations and introduces the variables. The
variables and constraints are presented in an ordered and hierarchical structure with the goals
of comprehensibility, completeness, accuracy, and precision. This model formulation is called
the reference formulation.

2.1 Market surplus objective

The maximimization objective 2™ is the total market surplus, including values minus costs
and penalties, in the base case and over all contingencies. In each time interval ¢, the
base case market surplus z;™ and the post-contingency surplus z;® for contingencies k are
combined as a sum of the base case, the minimum (i.e. worst case) over contingencies, and
the average over contingencies, and the total is the sum over intervals. In the event that
K = {}, the minimum and average terms indexed by k € K are not included. When a
distinction between base case and contingencies is not specified, the base case is implied,
except if explicitly indicated otherwise.

=) ( * - min z® + 1/|K|Zzﬂ:> (1)

teT keK

ms

The base case market surplus z;™ is the sum of appropriately signed terms representing
values accrued and costs incurred by consumers, producers, device startup, shutdown, and
fixed operating cost, branch limit overload penalties, device reserve procurement, bus real
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and reactive power mismatch penalties, and zonal reserve shortfall penalties.

ms _ en en su Sd on sus S
Zt —E:th_E:th_ E: (25 +25¢) — E: (th+zjt)_§:zjt

jeJes jeJpr je Jprics,ac jegprics jegbr
§ : rgu rgd scr nsc rru rrd qru qrd E P q
— (th + th + th + th + th + th + th + th ) - (th + th>
JEJPT,CS i€l
rgu rgd scr nsc rru rrd E qru qrd
- § : <Znt + Znt + Znt + Znt + Znt + Znt ) - <Znt + “nt ) VteT (2)
neNP neN4d

The post-contingency market surplus z};° is the sum of branch limit overload costs.
gp == ZVteTkeK (3)
jeJpr
2.2 Bus real and reactive power balance and voltage
2.2.1 Bus power mismatch and penalized mismatch definitions

For each bus 7 and each interval ¢, the penalized real and reactive power mismatches p;; and
q;; are the absolute values of the signed mismatches p;; and g;:

i >puVteTiel (4)
pi > —puVteT,iel (5)
G > VteTicl (6)
g > —quVteTiel (7)

2.2.2 Bus power mismatch penalty

For each bus ¢ and interval ¢ the bus real and reactive power mismatch penalties 2, and z;}
are defined by linear penalty functions applied to the penalized mismatches:

2 =dicPpi VteTiel (8)
g =di g Ve Tiel (9)
2.2.3 Bus real and reactive power balance

For each bus ¢ and each interval ¢, real and reactive power balance are enforced by:

i+ > ppt > P+ > P = Y pitpaVteTiel (10)

jess jessh jeJfr jeJto el
fr to .
E q;t + g 4t + E Qe + E 4t = § Gt +aqp VteT,iel (11)
jess jessh jeJfr jedto jer”

In Egs. (10) and (11) power withdrawals at bus ¢ in interval ¢ appear on the left, and
injections appear on the right. Withdrawals include consumption by consuming devices,
signed absorption by shunts, signed flow directed into branches at the from and to buses.
Injections include production by producing devices and signed power mismatch.
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2.2.4 Bus voltage

For each bus ¢ and each interval £, the voltage angle and magnitude are represented by
variables 0;; and v;;. Limits on voltage magnitude are modeled by hard constraints:

VM <y <oV e T el (12)

2.3 Zonal reserve requirements
2.3.1 Reserve shortfall domains

For each reserve product, in each reserve zone n and time interval ¢, a nonnegative variable
represents the shortfall of procured reserve relative to the reserve requirement:

pEYT >0Vt e T,n e NP (13)
PEYT >0Vt e T,ne NP (14)
T >0Vt € T,n € NP (15)
Pt >0Vt e T,ne NP (16)
T >0vteT,ne NP (17)
Pt >0Vt e T,n e NP (18)
pItt >0Vt e T,ne N9 (19)
pEIT >0Vt e T,n e N1 (20)

2.3.2 Reserve shortfall penalties

Reserve shortfall penalties are defined by a linear penalty function applied the reserve short-
fall, expressed as the interval duration times the penalty coefficient times the shortfall:
28 = d, et Yt € Ton € NP

fﬁd = dtcrgdpff’;d T Yt eT,ne NP
20 = 4, Ve Ton € NP

(21)

(22)

nt (23)
25¢ = dycPprstt Yt € Ty € NP (24)
2t = dtcgup:ftu* Vte T,n € NP (25)
(26)

(27)

(28)

nt

2 — gt vt e T e NP

nt

Zh = dic™p dt e Ton e N9

nt
22— g, ey qrd+ Vt e T,n e N4
2.3.3 Reserve requirements

For certain products, specifically ramping reserve up and down and reactive power reserve up
and down, the reserve requirement is an exogenous value given by input data, and this value is
used directly in the reserve balance constraints. For the other products, the requirement is an
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endogenous value formed in a prescribed fashion from the power dispatch. The endogenous
reserve requirements are given by:

paEed = gret Z pjt Yt € T,n € NP (29)
jeJecs

Pt =0 Y " py Vt € Ton € NP (30)
jeJCS

Py = ot max pj; vVt € T,n € NP (31)

eJbr

= gl max pjy Vt e T,n € NP (32)

]eJn

The requirements for regulation up and down are modeled endogenously in Egs. (29) and (30)
as prescribed factors of the total real power over all consuming devices. The requirements for
synchronized and non-synchronized reserves are modeled endogenously in Egs. (31) and (32)
as a prescribed factors of the largest real power over all producing devices. In the event that
JPr = {} for some n € NP, the max operator in Egs. (31) and (32) is interpreted as taking
the value 0.

2.3.4 Reserve balance

For each reserve product, in each zone n and each interval ¢, the total reserve procured
from producing and consuming devices plus any shortfall must be greater than or equal to
the requirement. Excess of higher quality reserve products can substitute for lower quality
products, as modeled in Egs. (35) and (36). Some products can be provided by online devices
and by offline devices and are tracked by separate variables, as in Eqgs. (37) and (38).

ST OpE - pE > pE Ve Tn € NP (33)
jeJprics

Z p;%d rgd + > prgd ;req Vi e T, n € NP (34)
jeJPries

S ) S 3 P e € Ton e NP (39
jeJpres

> (PP D) ot = T A A Ve Tin e NP (36)
jeJPres

S <p;§u on Ly pr °ﬁ> it > ity e Top € NP (37)
jeJPries

SO (Bt ) T = e Ton € NP (38)
jeJPrics

Z qqru qru+ > qqru ,min Vi e T,n e Nd (39)

jeJPTiCs

> gt +pitt > gt e Ton € N (40)
jeJPres
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2.4 Device on-off status and related constraints
2.4.1 Device on-off status

For each device j and each interval ¢, a binary variable ug}' represents the on-off status, with
uj = 11if device j is online in interval ¢ and 0 othervvlse Binary variables u3 and ujt are
also used to indicate startup and shutdown.

uy €{0,1} vt e T,j e J™° (41)
wy € {0,1} VE € T, j € Joese (42)
wy € {0,1} Vt € T, j € Jo s (43)

Device on-off statuses are subject to planned outage and must-run conditions:

jt =1Vje s teT™ (44)
u} =0Vje Jrete T;’“t (45)

On-off status, startup, and shutdown variables are related by evolution equations:

on on,0 su sd start pr,cs,ac

ug —uy =y — g V=1 g e J (46)
on _ sd start : pr,cs,ac

uf —uy g = ul —ug VP> e J (47)

In Eq. (46) for the first time interval, the prior on-off status uono is a parameter from the

input data. In Eq. (47) for intervals after the first one, the prior on-off status u$;_; is the
on-off status variable from the prior time interval. Simultaneous startup and shutdown is
prohibited:

Vsl <1VEET, ) e Jrese (48)

2.4.2 On-off status and transition costs

Online cost, startup cost, and shutdown cost are driven by the on-off status, startup, and
shutdown variables:

= dicjug Ve T, j € JPHE (49)
zj-;l = ¢;"uj; Vt eT,je Jroene (50)
zjsf = cj i dvte T, je Jresae (51)

2.4.3 Downtime-dependent startup costs

For some devices the startup cost depends on the prior downtime at the time of startup.
To model this, we introduce a set of startup states Fj for device j, each characterized by a
maximum prior downtime and a cost. We introduce a variable u}}; indicating that device
J is starting up in interval ¢ in startup state f. The startup state indicator variables are

binary:

wte e {0,1} Vi €T, j € ™, f € F (52)
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The downtime-dependent startup cost is

= 3 e e T, e P (53)
fEF;

If a device is in any of its startup states, then it must be starting up:

d oS <upvte T, je g (54)
fEFj

If a device is in a startup state, then it must have been on in a recent prior interval, depending
on the maximum downtime and prior downtime at the start of the model horizon:

uif < Z ugy Yt €T3 5 € JPO f € F (55)

! sus
veTS:

Note, if a device is starting up with prior downtime exceeding the maximum for all of its
startup states, then it is not in any startup state. The startup state cost coefficients cs‘}s are
generally negative and can be viewed as a discount on the regular startup cost that is earned
by starting up after only a short prior downtime.

2.4.4 Minimum downtime

After a device shuts down it must remain offline for a prescribed minimum downtime before
starting up. Logical constraints enforce this algebraically by requiring that a device cannot
start up if it has shut down in a prescribed set of prior intervals:

up <1— > W VteT je (56)

t,ern min

2.4.5 Minimum uptime

Similar to minimum downtime, minimum uptime is enforced by a logical constraint requiring
no recent startup if shutting down:

u <1— > wh el je (57)

t,eTup,mln

2.4.6 Maximum starts over multiple intervals

Some devices have limits on the number of startups in a prescribed set of time intervals:

Z S;l S uzl}Lmax v] c Jpr,cs7w c M/jsmmax (58)

teTsu ,max
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2.4.7 Synchronous network connectivity constraints on branch device on-off
status

In each time interval, in the base case and in each contingency, the graph consisting of all
buses and online in service AC branches must be connected:

The bus-branch graph on (I,{j € J* : uj = 1}) is connected Vt € T (59)
The bus-branch graph on (I, {j € Ji: uj; = 1}) is connected Vt € T, k € K (60)

2.5 Device real and reactive power flow

Some devices, specifically shunts, producing devices, consuming devices, and branches, have
real and reactive power flows. Shunts, producing devices, and consuming devices are each
connected to a single bus, and for each such device j and each interval ¢, the real and reactive
power flows are represented by variables pj; and ¢;;. For shunts and consuming devices, these
flows are oriented so that a positive value of the flow variable represents flow directed from
the bus into the device, while for producing devices, the flow is directed from the device into
the bus. Each branch device j is connected to two buses, a from bus and a to bus, and the
real and reactive power flows directed from the bus into the branch at the from and to buses

in interval ¢ are represented by variables p?;, qﬁ@, p}‘;, and q;l?.

2.6 Producing and consuming devices

2.6.1 Producing and consuming device startup, shutdown, and dispatchable
power

Total power pj; is equal to dispatchable power pg, plus startup power p3}, plus shutdown
power pj-‘ti:

Pjt = p?f —l—pj-? + pjf VteT,j e Jrm® (61)

Startup and shutdown power are determined by linear coefficients applied to future
startup and past shutdown if startup and shutdown power curves exist.

pr= ) pus Ve T, j e J (62)
ey, P

pd = Z pj?ﬁcujf, VteT,je Jres (63)
prersdpe

jt

Dispatchable power and reactive power are bounded by constraints involving reserves that
we formulate later.
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2.6.2 Ramping limits

Real power ramping limits depend on on-off status and startup and shutdown and apply to
total power including dispatchable, startup, and shutdown power:

pie — 1) < dp (P (uS — ) + P (Wl 4+ 1 — ) V= e g (64)
Pt — Pia—1 < dy (P (u) — u5y) + " (W + 1 —uf))) Vi > ™ 5 e Joe (65)
pje — p) > —dy (p§du;’? +pi (1 - )) Vt =t e Jene (66)

(67)

Pjt = Pia—1 = —dy (p;du;? + i (1= g )) Wt > gt e Jenes 67

The ramp up limit is enforced in the first time interval by Eq. (64) and in later intervals by
Eq. (65). The ramp down limit is enforced in the first time interval by Eq. (66) and in later
intervals by Eq. (67).

2.6.3 Maximum/minimum energy over multiple intervals

Producing devices and consuming devices may have limits on total energy produced or
consumed over one or more consecutive time intervals:

ST dipy < € € I w e W (68)
te I max

Z dtpjt > erurjlin vj c J’pr,087 w E VV;H,min (69)
teCmmin

2.6.4 Device reserve variable domains

Device reserve variables are nonnegative.

pii > 0vteT,je Jrme (70)
pEl>0vte T, e e (71)
P >20VteT,je Jre (72)
P >0vteT,je ™ (73)
PRt >0Vt e T, € Jo (74)
Pt >0vte T, j e g (75)
PRt >0Vt e T, € J (76)
PRt >0vte T, j e g (77)
¢yt >0Vt e T, € I (78)
¢ >0vteT,je g (79)
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2.6.5 Device reserve costs

Devices may include a cost in their reserve offers
each device reserve provision variable.

ze = dicy g Ve T, j e Je (80)
z;%d = dtc;‘%dpﬁd vteT,je Jre (81)
50 = AT VL€ T, j € Jr (82)
S e g e T € JPes (83)
7 = (SR - men) i e 7, e (84)
2l = g, (C;;d,onp;;d,on n C;;d,oﬁp;;d,off) VteT,je Jore (85)
A = GV € T € (86)
= g Ve T, € e (&7)

. This is modeled as a cost coefficient on

2.6.6 Absolute reserve limits, based on ramp rates

A producing or consuming device may have limits on reserves, independent of real and
reactive power dispatch, that are based on operating characteristics of the device. Since
these constraints are independent of the dispatch, we refer to them as absolute reserve

limits. The absolute reserve limits might typically

be determined as an applicable ramp rate

times the ramping duration for the lowest quality product considered. In general these limits
are supplied as part of the reserve offer of a device and might differ from this simple formula
for various reasons. Therefore we model these as parameters provided by the data. At each
time scale, all the reserve products consuming ramping capability up to that time scale are
included. Some products cannot be provided by some device types, and these are indicated

here with bounds of 0.

pEY < pES e it € T f e Joes (88)
< S e T € e £
Py + Py < p T ug Ve T j e J (90)
P < (1) Ve T € o
p;fu +p§§r _‘_p;;u,on < ;ru,on,maxu?? Ve T, je Jores (92)
p?tsc +p;ru,off < pr'ru,off,max (1 _ u;)f) VteT,je Joes (93)
p;%d _|_p;1£d,on < ;rd,on,maxu;?? VieT,je e (94)
pﬁd,off < prrdoffmax (1- u;’f) VEeT, j e o (95)

nl—0vte T, je (96)
Pl =0VteT,jeJ® (97)

el =0Vt e, je Je (98)
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2.6.7 Relative reserve limits, based on headroom to max/min, producing de-
vices

A producing device j can provide reserves up to the space (often called headroom) between
its power value pj; and the appropriate operating limit pj;** or pﬁm Each reserve product
occupies its own part of the appropriate headroom. Smce these constraints on reserves
depend on the dispatch, we refer to them as relative reserve limits. Up-reserve products
consume headroom to upper operating limits, and down-reserve products consume headroom
to lower operating limits. Online reserve provision variables are constrained relative to the
dispatchable power pg', while offline reserve provision variables are constrained relative to
the startup and shutdown power pj and pj-?. Since the reserve provision variables are

nonnegative, these constraints serve as the bounds on pj;

PP P < Ve T € T (99)

PO — P — p ot > Sy Ve T, j € I (100)
nsc rru,off max on . r

Pt +p]t TP TPy =D (1 - th) vteT.jeJ? (101)

Reactive power reserves have similar relative limits, and the approriate upper and lower
bounds are applied when the device is dispatchable or in its startup or shutdown power
curve:

Get gt <@ ug+ >0 uwn+ > ul | vteT e (102)
teTs, P° tleTsdpc

G-yt =gt ur+ Y un+ Y uly | VteTje ™ (103)
t/ETsupC t GTSde

Producing devices having constraints linking real and reactive power have additional con-
straints on reactive power reserve depending on the real power dispatch, requiring the de-
ployment of reactive power reserves be feasible under the dispatched real power value:

ru max,p0 max
gt < gt e Yo wie D ulh |+ B

veTsPe persdpe

VteT,j e Jorn Jramax (104)

d in,p0 .
Ge— gt Z g i D0 Y S |+ B

ters, P° t,eTsdpc
VteT,j€ Jrn jeamn (105)
0 . r e
Ge=¢" | up+ D w4+ > uh |+ B Ve T j€ NI (106)
t,eTsupc t’eTSde
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¢y =0vteT, je JrnJre (107)
I =0VteT, je Jrn Jre 108
Jt

2.6.8 Relative reserve limits, based on headroom to max/min, consuming de-
vices

Relative reserve limits for consuming devices are symmetric to those for producing devices.
The difference is that up-reserve products consume headroom to lower operating limits, and
down-reserve products consume headroom to upper operating limits.

P D P < PG Ve e T, j € J¢ (109)

i — P =P P > pmm BNteT,jeJ (110)
rrd,off max cs

P+ P+ P < ol (1—ujt)vt€T,j€J (111)

Relative limits on reactive power reserves, including reactive power dispatch, for consuming
devices are similar to those for producing devices:

Getait <@ (up+ >0 uwn+ > ul | vteT e (112)
teTs, P° tleTsdpc

Ge— g =gt e+ Y W+ Y uwy | VieT, je e (113)
teTs, P° tleTsdpc

Consuming devices having constraints linking real and reactive power have additional con-
straints on reactive power reserve depending on the real power dispatch, requiring the de-
ployment of reactive power reserves be feasible under the dispatched real power value:

d 0 b'e
Gt @it <SG e Y W Y [ B

tleTSUPC t’ETSde
VteT,je Jon Jrams (114)
ru min,p0 min
=gt > | u D W Y |+ 8
tleTSUPC t,edepc
VteT,je€ Jsn jeamn (115)
Ge=a" | u+ D wh+ Y wh | +Bpu VEeT,jeJoN e (116)
t/GTSUPC t’eTSde
Gt =0vteT, je Jon Jre (117)
qftrd =0VteT,jeJonJre (118)
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2.6.9 Energy cost and value

Producing or consuming device real power pj; results in an objective term 27" that is either
a cost (for producing devices) or a value (for consuming devices). The value of this energy
cost (or value) term is determined by a piecewise linear convex (or concave) cost (or value)
function, evaluated at the power value p;;. To model this relationship, we split the power
into offer (or bid) blocks and apply an objective coefficient to each block:

0 < pjtm < Pl VEET, j € I, m € My (119)
it =Y Djm VEET,j € (120)
meth
P =dy Y Chpiim VEET, j € T (121)
mEth

2.7 Shunt devices
Shunt real and reactive power p;; and g;; are:
pp=gyva VteT,jeJ" i=1i (122)
g = =y Vt e T, j € J" i=i (123)

Shunt conductance and susceptance g;
variable number uj]? of steps activated:

gy = g;hu;? vteT,je Jo" (124)
by = b Ve T, j e JT (125)

¢ and b5} are defined by a fixed step size times a

For each shunt, the number of steps activated is an integer that is bounded by input
data:

whe .., ~1,0,1,...}vteT,je J" (126)

sh,min sh sh,max . sh
u; <ujy <wu; VteT,jeJ (127)

2.8 Branch devices
2.8.1 Branch flow limits and penalties

Branch flows are subject to limits that are modeled as soft constraints, with overload incur-
ring a penalty that appears in the objective. For each branch j and each interval ¢, the flow
limit is applied to the apparent power at the from and to buses, the overload is represented
by a nonnegative variable s7,, and the penalty is 25

jt?
0<shvteT jeJ” (128)
B =dlshVteT, je J” (129)
1/2
<(]9§-rt)2 + (q§§)2) <SPt shvteT,je Jo (130)
to) 2 t0) 2 1/2 max + . br
<(pjt) + (d7) > SspttsyvteTjeld (131)
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2.8.2 AC branch controls

AC branches j have variables ¢,, and 7;; for the phase difference and winding ratio in intervals
t. These variables are bounded by parameters from data. AC lines have phase difference
equal to 0 and winding ratio equal to 1:

¢ =0VteT,jeJm (132)
Ti=1VteT,jeJ" (133)

Fixed phase difference transformers have phase difference equal to the given initial value:
G =@Vt €T, je JP (134)
Fixed winding ratio transformers have winding ratio equal to the given initial value:
=10 VteT,jeJ™ (135)
Variable phase difference transformers have phase difference bounds:
Pt < gy < PP VEe T, j e JP (136)
Variable winding ratio transformers have winding ratio bounds:
T <y < TN E T € S (137)

2.8.3 AC branch flows

For each AC branch device 5 and each interval ¢, real and reactive power flows into the
branch at the from and to buses are represented by variables p, ¢, p;‘g, and q;ft’. These
flows are defined by nonlinear functions of branch parameters and controls and bus voltages,
including bus voltage angles 6;;, and are equal to 0 if the device is offline:

P = u??((9§r+9§r) Ui/ Tie + (g5 cos(bi — bire — ¢j1)

— b sin(0 — Oie — dje) Joirvire [Tj) VE €T, j € J*i ir, i =i (138)
0y = (b7 — bff b 2)0i /75, + (b5 cos(B — O — 6)

— g5 sin(0y — Oy — ¢ji) Jvgvin /Tj) VE €T, j € J*,i = zfr i =i (139)
pi = us (g5 +9§°)vvt + (g5 cos(0ir — O — ¢jt)

+ b5 sin(0i — Oy — Gje) Jvigvine [ Tje) VE €T, j € J*i ir, i =i (140)
g5 = U??((—b? — bl — b5 /2)uf, + (b5 cos(0i — bire — B51)

+ g5 sin(Oi — Oire — bje) Jvirvin/750) VEE T, j € J*,i gr,i/ = 2';.0 (141)

2.8.4 DC lines

For each DC line j and each interval ¢, the real and reactive power flows into the line at the
from and to buses are represented by variables p]t, qjt, pjt, q]t Bounds on these flows are
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defined by input data:

_p;lc,max S p?; S p?c,max Yt € T,j c Jdc (142)
dc,min,fr fr dc,max,fr . dc
¢ < g < g VteT,jeJ (143)
d ,max d ,max .
—p T < ple < plem vt e T 5 € JE (144)
q;ic,mm,to S q;? S q;lc,max,to Vit € T,j c Jdc (145)

DC line real power losses are not modeled in this formulation:

P+l =0Vt eT,je J (146)

2.9 Post-contingency power flow, balance, limits

The state of the grid following a contingency is modeled by a DC power flow ignoring
changes to reactive power, voltage, and losses. Each contingency is characterized by the
loss of a set of branches. Non-branch devices are assumed to maintain their real power
values. System-wide real power mismatch among the non-branch devices is distributed over
the buses in proportion to a prescribed slack distribution. The ensuing DC real power
flow on the remaining branches is combined with the pre-contingency reactive power branch
flows to form an approximation of the post-contingency branch apparent power flows, The
approximate post-contingency branch apparent power flows are subject to post-contingency
branch flow limits, formulated as soft constraints with any violation incurring a penalty that
appears in the objective.

2.9.1 Penalty on post-contingency branch overload

Post-contingency branch overload is modeled by a nonnegative variable sjtk, which incurs in
a penalty 23, appearing in the objective:

sh,>0VteT ke K,jeJr 147
jtk k
D= sty Ve T ke K, je (148)

2.9.2 Post-contingency power flow limits

Post-contingency branch real power flow is modeled by a variable pj, representing an ap-
proximation of the real power flow on branch j, oriented from the from bus to the to bus,
in interval ¢, under contingency k. Changes to reactive power flow caused by contingencies
are not modeled, so the post-contingency apparent power flow contraints at the from and
to buses are modeled using the pre-contingency reactive power flows q?; and p}‘;, the post-
contingency reactive power pj.;, the post-contingency apparent power overload s;k, and the
post-contingency flow limit s™ax.<t8:

1/2
((pjtk)2 + (q§§)2) < S b Ve T ke K, je Y (149)

1/2

<(pjtk)2 + (q;‘;)2> < st shovteT ke K je (150)
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2.9.3 Post-contingency branch real power flows

Post-contingency branch real power flows follow a DC flow model. For this we introduce a
variable 6 for the post-contingency voltage angle at bus ¢ in interval ¢ in contingency k.
DC line flows, branch on-off status variables, and AC branch phase difference variables, are
fixed to their pre-contingency values. Then the DC flow model is

Pk =py Vi€ Tk € K, j € Ji (151)
Pjtk = —bjru‘ﬁl (tak — Qi’tk — ijt) Vt € T, ke K,j S J]?C,i = Zﬁr,i/ = i;o (152)

2.9.4 Post-contingency real power balance

In the DC post-contingency model, the real power injections and withdrawals of non-branch
devices, i.e. producing, consuming, and shunt devices, are fixed to their pre-contingency
values, and real power balance is enforced at each bus. Since the pre-contingency real power
values reflect an AC model that includes losses, and the post-contingency branch flows
follow a lossless DC model, there will be a nonzero system-wide real power mismatch that
is represented by a variable pj':

P} = Z Djit — Z Pjt — Z pi VE €T (153)

jeJpr jedJes jessh

The system slack is distributed across the buses ¢ in proportion to fixed slack distribution
coefficients a;. Then the post-contingency power balance constraints are

Z Djtk — Z Dijtk

jegPrngfr jebPragto
1 .
:ijt—ijt—ijt—aipi VieT, ke K,iel (154)
jePt JETFS jegsh

3 Data Formats and Construction of Derived Data

Input (problem) and output (solution) data formats are described in [5]. The data directly
provided by the input data file is referred to as elementary data. Other data required by the
problem formulation is derived data, computed from elementary data. The output data file
contains the data on solution variable values that is needed to completely reconstruct and
evaluate the solution.

3.1 Elementary Data

Data read directly from the input data file is referred to as elementary data. Elementary
data items are listed below:

e Indexsets: F, I, J, K, M, N, T, W
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o Subsets: Jic, Jin ¥ ger ges b ppae gpamax - ppamin o jout Nf NP N9, N,
en,max en,mln su,max
pynmas pyenmin e

fr Z:to

e Special elements of sets: ij, i}, i}

o Parameters: CLz}n,max,start’ aleun,max,end7 ai}n,min,start, a(zvn,min,end, ail)l,max,start, aibl,max,end bqh
bfr bSh b;o’ j?m? P C;-%d, C;%u’ Cj-‘ir, C;'ltsc7 c;l;u,off’ C;iu,on, C;;d’OH, C;;d,on, C?tru, C?;d, C;gu,
C;gd’ C7slcr7 C;lle’ C;ru’ Crrd quu qud CS an’ C;-u, le}s’ dt; ddn ,max ddn,mm dl}p,mln) eg}ax’
emin, gft, i, gte, piom, ps, phex, pin, prd, pﬁd Sd, P pﬁu S“, P, pEtm plEem
scr,max nsc,max I'TU,0Nn,max rru,off, max rrd,on,max rrd,off,max rru,min rrd,min
J ) g )y Vg ) g ) g » My y Pnt y DPnt QJ7 q] )
q;nax,p07 q;mn,pO’ qﬁax’ q;rzm’ q;ic Jfr, max) q;ic ,to, max7 ;ic,fr,mln, ;ic,to,mm, ggu,mln, qgid rn1n7 T;r,
Sz'nax, S?ax,ctg ;);1 max, u;))lfl mln7 u;n,O, uil)l max7 u;h,O’ u;h,max u;h ,min ’UO ’U min sr Bj;
ﬁmax ﬁmln rgd O_:Lgu’ O_7s1cr’ O_nsc 7_0 7_ mln 0’ ¢ ¢max ¢m1n

3.2 Construction of Derived Data from Elementary Data

Data constructed from elementary data is referred to as derived data. This section shows
how the derived data is constructed from the elementary data.
The set J" of devices outaged in contingency k contains a single element, and this

element is 1dent1ﬁed as jo**. The set T of time intervals is ordered, and the first and last

elements of this set are identified as t** and ¢stat,
The set of buses in each reserve zone is constructed from the reserve zones for each bus:

={iel:neN;} Vne N (155)
Certain union sets are constructed:
Jac — Jln U fo
Jbr — Jac U Jdc
JPres —  Jpr |y ges
JPres,ac — gpr |y ges | jac

Transformers are categorized as fixed or variable with respect to phase difference and
winding ratio according to the presented bounds on controls:

Jvpd _ {je g pmin ! (160)
= {j e T < ey (161)
Jied — et pvpd (162)
Jhve = e (163)
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Devices at each bus:

Jr={jeJrif=i}Viel (
Jo={jeJr i =i}Viel (
Jr=JruJeviel (
Jr={jeJ" i;=i}Viel (1
(
(
(

—
D
D

JE={jeJ® i, =i} Viel
Jh={je st i, =i} Viel
Ji=JrUJuJEuUIt el

—_
S O
co

— — Y ~— Y T

Devices in each reserve zone:

Jsr = UieaniPT Vn € N (171)
JP = User, Ji° Vne N (172)
A device is outaged in a given time interval if it is prevented from operating by either its

on-off state bounds or its minimum downtime and prior downtime at the start of the model
horizon:

T = {t € T:ul™ =0} Vj € J*™ with > > 0 (173)
ou max dn, star dn,min
T ={teT :u™*=0}U{teT:d O+attt<dj }
Vj € JP with di™? > 0 (174)

Similarly, a device is must-run in a given interval if it is required to be operating by either
its on-off state bounds or its minimum uptime and prior uptime at the start of the model
horizon:

T ={teT:u}™ =1} Vj € J with d;™" > 0 (175)
T ={teT : ufi" =1} U{t €T :d™" +a'™" < d;>™"}
Vj € JP with dP° > 0 (176)

The devices in service in a given contingency are those that are not out of service:
Jp=J\ " Vk e K (177)

Certain useful intersection sets are constructed:

Je=JNJ,Vk € K (178)
J=JNJ Vk € K (179)
Jr=J"NJVkeK (180)

Conductance and susceptance of the series element of each AC branch is constructed:

g =i/ + (@) Vi € T (181)
b= =2l /((r7)? + (a™)?) V) € J* (182)

J
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Time interval start, end, and midpoint times are constructed from interval durations:

start Z dt’ VteT (183)
t'<t

end Z dt’ VteT (184)
t'<t

af™ =1/2(a]"™" + o)Vt € T (185)

Sets of time intervals for minimum downtime and minimum uptime constraints are con-
structed by:

Czwﬁn,min _ {t/ <t astart start ddn mln} \V/t c T ] c Jpr ,CS (186)
TP — (<t g - a;fart < dPPY Ve T, j e TP (187)

Startup and shutdown power curves are derived from startup and shutdown ramp rates:

P =t — P @t — a™) Ve Pt <t €T (188)
TP ={t' >t:pi°>0}Vje ™ teT (189)
pj‘jgic Py — P (@ — at) Vi e St e Tt >t > gt (190)
PiarS = 1) — o (af™ — @) Vi € TPt € Tt >t = (191)
TP ={t' <t:pip° >0t VjeT™ ™ teT (192)

Time intervals for modeling downtime-dependent startup costs are derived from elemen-
tary data on maximum prior downtime for each startup state:

=t et <t et —ai™t < dg}“m‘”‘} Vjie S feFteT (193)
sus _ {t cT - dan + aitart ddn,max} vj c Jpr,cs7f c Fﬂ] (194)

Sets of time intervals for constraints modeling maximum startups in a prescribed interval
are constructed by:

Tz‘.}u,max _ {t c T asu ,max,start < astart and astart < af;l,max,end}
Vj e JPE w e W (195)

Sets of time intervals for constraints modeling maximum or minimum energy over a
prescribed interval are constructed by:

en,max __ . en,max,start mid mid en,max,end
T ={teT:a < a and ¢ < af) }

Vi€ JPE w e W (196)
T;s}n,min — {t cT: ai}n,min,start < af“d and Clinid S ai}n,min,end}
Vj € JPr w e Wit (197)

Bus participation factors for the post-contingency power flow and balance model are
uniform and set up to sum to 1:

a;=1/|I|Viel (198)
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3.3 Output data

The output data file needs to contain the following output data items, so as to completely
reconstruct the solution:

e Bus voltage magnitudes and angles: v, 0 fort € T, i € I.
e Shunt steps activated: uj? forteT,je J",

e AC line on-off status: u for t € T, j € J™.

Transformer on-off status and control variables: ug, i, e fort €T, j € JH

DC line real and reactive power flows: pﬁ-ﬂ, qﬁg, q}? forteT, je Ji.

Producing and consuming device commitment, power dispatch, and reserve provision:

on on rgu rgd scr nsc TTU,0n rru,off rrd,on rrd,off qru qrd
Usts Pty Qjts Pje 5> Pjt > Pit s> Pje > Pjr > Pjr > Pjr 5 Pjr s Qe 5 5t fort € T,

je ey e,

4 Data Properties

This section describes properties that the input data of the problem should have. For an
instance of the problem, these properties can be checked, and any violation should be treated
as a data error. Python code checking these properties is available in [1], which relies on
a data model code in [3]. We note here that many of these properties concern the mutual
consistency of sets of parameters defining lower and upper bounds on variables or expressions.
In such cases we typically assert only that the lower bound is less than or equal to the upper
bound. In particular, the two bounds may be equal unless this is explicitly ruled out. The
performance of some solution techniques may be affected by variables whose lower and upper
bounds are equal.
Devices include branch devices and non-branch devices:

JrcJ (199)
Branch devices include AC branches and DC lines:

JPr = Jruy Jde (200)
J*nJ =1} (201)

AC branches include AC lines and transformers:

Jx =y g (202)
Jrn st ={} (203)

Transformers have either fixed or variable phase difference:

JE = Jledy ged (204)
Jird o vpd — 1y (205)
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Transformers have either fixed or variable winding ratio:

fo — war U var (206)
IV = {} (207)

No transformer is both variable phase difference and variable winding ratio:
Jrd g =1 (208)

Non-branch devices include shunts, producing devices, and consuming devices:

J\ J =gty gy Jes (209)
Jhn g = {3} (210)
JhnJes ={} (211)
Jr N Je = {} (212)

The devices outaged in a contingency are branch devices:
JMCJTVEe K (213)
Each contingency outages exactly one device:
J = {0y Vk e K (214)

In the base case and in each contingency, the graph consisting of all buses and all AC
branches in service in the prior operating point is connected:

The bus-branch graph on (I, {j € J* : u?™° = 1}) is connected (215)
The bus-branch graph on (I, {j € J* : u?™° = 1}) is connected Vk € K (216)

For each device, the prior on-off status is a binary integer:
on,0 . T,CS,ac
u; € {0,1} Vj € JP (217)

For each device, on-off status bounds are binary integers and are mutually consistent:

Wi € {0,1} Vvt e T, j € J™ (218)
wit € {0,1} Vt e T, j € J* (219)
U;-I;in S u‘IjI;/aX Vt c T,j c JPRCS (220)

For each shunt, the bounds on the number of activated steps and the initial number of
activated steps are nonnegative integers and are mutually consistent:

u e {0,1,...} Vi € SN
u e {0,1,...} V) e
u e {0,1,...} Vj e J"
u;h’min < uh0 < uj-h’max Vj e Jh

37



For each device, the prior uptime and prior downtime are both nonnegative, and exactly
one of them is positive:

AP’ >0VjeJ (225)
i >0vjed (226)
P’ =0ord™ =0VjeJ (227)
AP’ >0 or di™ > 0Vj € J (228)

For each bus, the prior voltage value and the voltage bounds are positive and mutually
consistent:

0<omm <o) <o viegl (229)
For each AC branch, the impedance of the series element is non-zero:
ri#0orai #0Vj e J* (230)

For each transformer, the bounds and initial values on phase difference and winding ratio
are mutually consistent, and the winding ratios are positive:

Pt < ¢) < ¢ v e S (231)

J
0 <7 <7 <7 vje J (232)

For each transformer, either the bounds on phase difference are equal to each other, or
the bounds on winding ratio are equal to each other:

T = T or g = ¢ Ve JY (233)

For each DC line, the bounds on reactive power at each bus are mutually consistent, the
bounds on real power are nonnegative, and the bounds permit 0 flow:

p;ic,max Z 0 vj c Jdc (234)
q;ic,fr,min S 0 S q;ic,fr,max Vj c Jdc (235)
q?c,to,min S 0 S q;ic,to,max VJ c Jdc (236)

For each producing or consuming device, the p bounds are nonnegative, and p and q
bounds are mutually consistent:

0<pi" <pi™VteT,je JruJ® (237)
Gt < gy vteT, je JTUJ” (238)

For each producing or consuming device, the ramping limits and the absolute bounds on
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reserve provision are nonnegative:
p;' =2 0vVjeJ"UJ” (239)

P >0Vje U TS (240)
p;u’su >0VjeJruJe (241)
Pt >0V e U TS (242)
p;-gu’max >0VyeJuJ® (243)
P >0 V) e JU TS (244)
pj-cr’max >0VjeJruJe (245)
(246)

(247)

(248)

(249)

)

PRSI > 0 € JPTU T

p;ru,on,rnax Z 0 \V/] c JPT U JCs

p;ru,off,max >0Vje U Je
p;rd,on,rnax >0V e U Je
p;rd,off,max >0Vj e JrUJo (250
For each producing or consuming device, the bid or offer blocks have nonnegative width:
Djtm = OVEET, 5 € JPUJ® m e My (251)

For each producing or consuming device with p-q constraints, the bounds are mutually
consistent:

q;nin,pO S q;pax,pﬂ \V/j c Jpamax Jpqmin (252)

For each branch device, the apparent power flow limits are positive, and the contingency
limits are not tighter than the base case limits:
ST >0 V) e J™ (253)
x,ct X \J/ b
s;na ctg 2 S;na vj c J r (254)

For each time interval, the duration is positive:
d>0VvVteT (255)
The reserve requirements are nonnegative:
08" >0Vn e NP
o8 >0 Vn € NP

o5 > 0 Vn € NP

o™ >0 Vn e NP

PN > 0t e Tn € NP
prdmn > 0Vt e Ton e NP
g™ > 0Vt e T,n € N9

g™ > 0Vt e Tyn e N9
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Constraint relaxation penalties are nonnegative:

P >0 (264)
>0 (265)
>0 (266)
' >0Vn e NP (267)
>0 Vn e NP (268)
ot >0Vn e NP (269)
> 0Vn e NP (270)
" >0Vn e NP (271)
' >0Vn e NP (272)
et >0Vn e N4 (273)
et > (0 Vn e N1 (274)
Certain index sets are nonempty:
I#{} (275)
T#{} (276)

5 Solver Requirements

The solver should be invoked with a command taking certain arguments. The arguments
have not been finalized but will include a run time limit and an indication of whether
topology switching is allowed. If topology switching is not allowed, then the solution must
have ug = uX™ for all t € T, j € J*.

6 Solution Evaluation

Solution evaluation is performed by a Python code ([!]) that in turn relies on a data model
code ([3]). Broadly, solution evaluation includes the following steps and general organizing
principles:

e Where possible without ambiguity, use projection, constraints, and the optimality
principle to determine the values of certain variables once the values of other variables
are fixed, enabling the construction of a complete solution from only the variables
contained in the solution data file.

e Evaluate constraints involving only discrete variables before those involving continuous
variables.

e Evaluate one time interval of the solution before the next time interval.

e Project v variables onto bounds.
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Check integrality of integer variables: If any are more than 0.25 away from the nearest
integer, then the solution is deemed infeasible.

Round integer variables.

Project u°" variables onto bounds and any constraints restricting startup or shutdown
relative to the previous interval.

Check base case and post-contingency connectivity constraints Eqs. (59) and (60) us-
ing the connected_components and bridges functions from the NetworkX ([2]) Python
module ([1]).

Project p°* variables for producing and consuming devices onto bounds determined by
u®, p max/min, and ramping limits.

Compute p™, p*¢, and p variables for producing and consuming devices.

Project ¢ variables for producing and consuming devices onto bounds determined by
u®, q max/min, and ramping limits.

Project p™, q?,;, and ¢'° variables for DC lines onto bounds, and set p'° = —pﬁ-@.
Project u*" onto bounds.

Compute ¢** and b*.

Compute p™ and ¢*".

Project ¢ and 7 onto bounds.

Compute pf, ¢, pt©, ¢* for AC branches.

Compute branch limit violations and costs.

Compute bus real and reactive power imbalance and costs.

Project device reserve provision variables onto bounds and constraints, in the following
order: regulation up, regulation down, synchronized reserve, non-synchronized reserve,
ramping reserve up online, ramping reserve up offline, ramping reserve down online,
ramping reserve down offline, reactive power reserve up, reactive power reserve down.

Compute device reserve costs

Compute zonal reserve shortages and costs.
Compute device energy costs and values.
Compute device on, startup, shutdown costs.

Solve the post-contingency DC model in each contingency for the post-contingency
branch flows, and compute the post-contingency branch flow limit violations and costs.
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e Add up all the costs, values, and penalties to compute the market surplus objective.
e If any projection step fails due to an empty target set, then the solution is infeasible.

e Constraints not included in the formulation but passed to solver through command
arguments are also checked, and if there are any violations, then the solution is infea-
sible.

e If the solution file cannot be read due to incorrect formatting, then the solution is
infeasible.

e An evaluation report is produced, including, minimally, an indication of feasibility and,
if feasible, the computed objective value.

7 Change Log

7.1 July 1, 2022

Extensive changes have been made to the formulation since the previous version (February
16, 2022). These changes are too numerous to list in detail here. In particular, the previous
version had multi-mode devices, which were conceived of as a means for modeling combined
cycle generators and storage devices. In the current version of the formulation, multi-mode
devices have been removed. For trial event 1, multi-mode devices will not be a part of
the formulation, and combined cycle generators and storage devices will not be modeled
explicitly as such. Combined cycle generators, storage devices, and multi-mode devices may
be added to the formulation later. Some, but not all, specific changes are listed here.

Added sections: Section 3 on data formats and construction, Section 4 on data properties,
Section 5 on solver requirements, Section 6 on solution evaluation, and a change log in
Section 7.

Reordered equations and added hierarchical structure and explanatory text in Section 2.

Changed network connectivity constraint in Eqs. (59) and (60), i.e requirement on solu-
tions: In each time interval, in the base case and contingency, the bus-branch graph consisting
of all buses and the AC in service online branches is connected.

Added network connectivity data property in Eqgs. (215) and (216), i.e. requirement on
data: In the base case and each contingency, the bus-branch graph consisting of all buses
and the AC branches in service in the prior operating point is connected.

Removed all references to multi-mode devices and storage devices. Multi-mode devices
and storage devices will not appear in the problem instances for Trial 1. These devices may
be added to the formulation later.

Added constraints limiting reactive power reserve provision by devices based on reactive
power dispatch and real power dispatch, for devices with linear constraints linking real and
reactive power.
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